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THE  LAMINAR BOUNDARY LAYER ON A ROTATING CYLINDER IN CROSSFLOW 

Prepared by; 

E. Krahn 

^^V  / rff ine ^linder i* a stream produces a circulation 

to «nd th!gH  V8 tbe/a"Be 0f the MagnUS force- ^ Problem is to find the dependence of the circulation on the rotational speed of 
the cylinder. This question is treated in the present report for a 
stationary flow about a circular cylinder with the axis perpendicular 
to the direction of the stream under the assumption that thTJlow in 
the boundary layer is laminar. Two approximate methods are used for 
the calculation of the boundary layer. One is due to Burgers and the 
other is an adaptation of the Polhausen method. In the case of only 
one stagnation line on the surface of the cylinder the boundary layer 
is evaluated numerically, the profiles and the shearing stress confuted 
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This report contains information concerning the laminar boundary layer 
on a rotating cylinder and the circulation in the potential flow around 
the cylinder. It is a step in the calculation of the Magnus force. 
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THE LAMINAR BOUNDARY LA^ER OK A ROTATIHO CYLINDER IN CROSSFLOW 

the aSB'Ä^S^ äoTS^1? a ?™* ^endlcular to 
to be ineompressSle ^7vLc^u^ ^R^old,^ .flUid i8 8U^osed 

smll enough to insure a lÄ'boSLÄ^ ""T/ iS ^eXmed 

how does the circulAtir.r. <« +v.~    «"«««»ry xayer.    The question is, 
of the rotSioat ^i^r

t5f ■^rr41?? floW ^Pen* on the sp^ed 
boundary layer.    TSJ SJTJe c^rSd Ä ^ ^ calcu^ion ofthe 
Independently.    First bv an aJ^.    +        by tWO different methods 
and then by^he s^lS Tf Sf^t^^ot t0 J- *' «— 

c^in^byT^Li'L^w^ot^ ^ ^^ a -rotating 
separation^ Se^lofat af^le oT^lZ*^/'    Re ** * 
a result which does not aaree^Ilth *L f      the «^«nation point, 
calculations.    This  1« d,!^ + i V * exPerin,ents nor with other 
distribution-or^  s^Lll^ol^T^ ITV** *™*™ 
of a stream attached to the cylinder on^Jv f    giVen in the ca8e 

carried out the calculatS If tit !?    Whole 8urface.    Hiemenz   [2] 
using a velocity disJribitionJ^^/1^ by * different method by J 

and got a separation It 83°!" Apply^tS^H^/fen from -P"^nts 
the same result, which coL^des^t^tL^TiLn^^! ^ ^ 

by Hie^or^^^^T/s^1^^ aT^ ZT?^ ™* 
so very much from the exact result    Si« +!-  ^ '  WhiCh doeS not differ 

use this method in the calcuSSon'of th-V T^01"6 0f intere«t to 
cylinder,   so much thTmoJe as it L L!?    ^^^ ^er on the rotating ™e more as it  is easier to apply than other methods. 
5.      Notations. 

llc 

Fig.  1 

x,y - Cartesian coordinates 
T,f - polar coordinates 
a      - radius of the cylinder 

- length of the cylinder 
- velocity of the surface  of the cylinder 

- velocity of the potential flow 
at  infinity 

- velocity of the potential flow near the 
surface of the cylinder 

1 
U 
o 

u 

on 

v - verity »o^onent of the flow l„ the oouoda^ l^yer 1„ the ^ire=ti 

a) — vorticity 
ion 
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^** — potential and stream function of the potential flow 

v .v - velocity components in the boundary layer parallel to the 
x- and the y-axis, 

y - angle between the radius to the stagnation point «und the negative 
x — axis 

p — density 

H — viscosity 

T — shearing stress 

v — kinematic viscosity 

Re — Reynolds• number 

I"1 — circulation 

B — thickness of the boundary layer 

r\ - distance from the cylinder in radial direction 

K — form parameter 

X ^ 
Uo 

Y 121 
10U o 

C.-j- 
o 

\ — parameter 

P — power 

4.  The stationary potential flow around the cylinder is given by 

i V t' -- - iL{t + $-)^'f + j~'i 

^ \ ■   •  a. 

Y--   lL(t- -f j^f i- r* 6j- 
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If the circulation 1   does not exceed UitU« a then there are 
one or tvo stagnation points on the circle (stagnation lines on the 
cylinder) and P can be written as 

From now on, this expression for 1   (which is a restriction on the 
amount of circulation) will be used. 

For the flow near the surface of the cylinder one can take r r a 
and has then 

These expressions will be further used for 0 and (J, 

5.  Burgers' method consists in starting from the equation of the 
vorticity in a stationary flow 

(1) v li£ .- ,r 2üL , y/Üii + £^ 1 

and substituting for the velocity components in the boundary layer 
those of the potential flow outside the boundary layer, i.e. 

where t is the stream function of the potential flow. Transforming (l) 
from the variables x,y to the variables (J,^ he gets 

In conformity with usual boundary layer simplifications -2-= is dropped 

as small compared with --— and 

(2) ^T = V *   dH" 
results. A solution of (2) is 

f z 

CO ^  — - —;rr • 1 

where I is an arbitrary parameter. 
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AB (2) is a linear equation, then with an arbitrary function A(|) 

Is also a solution. $    is the value of (J at the forward stagnation 
point. 

To get the velocity contponent u in the boundary layer in the 
direction tangential to the circle (surface of the cylinder) ii^ is 
neglected compared with £ih in ^f 

as v, the velocity component in the radial direction, is zero at the 
surface and small Inside the boundary layer. Then 

uj = -1 iü - ~ i hy.ii 

Tbe application of this method to the problem at hand requires now the 
determination of the constants and the function A(|), 

For ifsO there must be u « Uo and for sufficiently large f there 
must be u = U. 
Writing , 

and taking into account ^ 

/OO 

/ ^ d'i -1 

the condition for A(|) becomes 

Thus 

and y 2, 

(5,   -IW^-fu«-^)^]]^^^]^ 
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Here Q a  \ + of  the potential flow are regarded as coordinates in the 
boundary  ayer, vhere ♦ is not the stream function of the viscous flow. 

U is regarded as a function of (^ only. This corresponds to the 
assumption of a pressure in the boundary layer, which depends on f  only 
and not on r. ' J 

Velocity profiles can be easily computed by (5), but one should 
remember that (3) is an approximate expression only, representing u 
correctly at the surface of the cylinder and at the outer limit of the 
boundary layer. 

6.  To determine the circulation about the cylinder from (5) sn»ll 
values of t will be considered and higher than first order terms in t 
will be neglected. Ttien 

I ̂ /"^^ t 

Making the substitution 

rr atT) 

and retaining linear terms only in r\ 

-W(>-Mjf ^J 
(3) becomes thus 

The integral must be equal to zero for U= 0 to give a finite value to u. 
That is the case at the forward stagnation point where (^ (J,. 
At the rear stagnation point it gives a condition for U . Inserting the 
values of U and () 0 

or 

(^J ^° _ [  . (j** f t±* y) * c^^ ^ jy . (   *.(>)»' y-^ W' y) t^W    / 

The denominator of each integral is zero at ^«+7, nevertheless the 
integrals converge. This can be seen if c is introduced by the substitution 

^ - «+ 7 — € 
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and the integrals calcu^ted from *+ r - c to x+ r.    They become then 

-e^fU-'^       **<* ~^tf£r't 
respectively. Ttile  proves the statement. 

case ^n^ST-8 in (i)/!re evaluate<i nuaerically, except in the 
"iLl nrTSZT ^^ integration i8 ^"^le, ana the ?ollow^ 

If 0 6 
JT 
3 

l.h 2.5" 3.i 3.6 

These results need some explanation, 

n~re"       ■>°»->-otating cyllnd«, «d on the lower .id, iHiS te 

Sünllerly In oese of r. J and r= |, »here the clculAtlon U »,lld 

on the upper part fro. stagnation point to stagnation point. 

s^E^^ ^ -s-oT^— 
e.g, in the case of r. | the circulation in the boundary lay«^«^«« 

SThfLt^t? f ^he TfaCe 0f the cylinder to about half its amount in the potential flow,  for at the surface ««JU"* 

r =tjraU, =7.1 TV a U^ 
whereas  in the potential flow 

r -- H-rca V» . 
7.  To get more reliable results a different method will be applied 

The boumiary layer equation shall be taken in the form 

(5) 
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Here the centrifugal term is omitted. This is 1uatifM«>,i« » 

The other equation is the continuity equation 

(6)      ^ ^ ^ lr , n 

The boundary conditions are 

.       fox   X-Q. : u.z1l, v =0 

where 6 is the boundary layer thickness. 

Further the variable 

TI= r — a 
will be used. 

8.  The solution will be sought in the form 

^=Z aKt , 
where the ak are functions ofy and t ? 3 . 

Se^lutJrS1"7 COndition8 M the 5 functions a, are determined and 

(9) u.-~'U0-
>'ttt~2ty+t'')iK-'U,) + ±.(t-3ta'+3ti~tl>)Kl/) 

where 

do) iy x _£:. £Üi. 

thic^esesbOUndary ^^ thiCkne88 6 Wl11 ^ U8ed> " ***  displacement 

/^ - m 
does not seem reasonable in the present case, it could be replaced perhaps 

I U-u ^     ^      I -nT^V 
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(2. Su C'iiiiH.tin*   (V   "w   (2)     »ne     4«(d   iA*    itHö**>*\(\     «»uathh 

f /1 ^ i' n a 11 H q      a V     /^ "A 

K    ^ 
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V  X.. JL. 2Üi 
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J.»i</    -et^ttii,'M«     U»i ^      i^ 

.. = iL. _ u< fx - ^ r 
^f> t > t i 

e /vtvi f 

tlU', 

I   H      J_    Jl   _   ± VX  •" ie ***)/- 
i „ii If/^itXc^f-Svnf 

/ ( }    z   ' 

i 

■i v 

10 
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This equation is now multiplied by 72.576 and solved with respect to Y' 

/ ={y(2t-/SXc*j-oMczcjn\)(o.zyt+oj92xyH3zy-2.ihi^~um)(+i.Vi)+ 

10,  X varies on the upper side of the cylinder from zero at the 
stagnation point to 0,5c(l-»- sin 7) at y>>^ and decreases then to zero 
at the rear stagnation point. On the lower side X decreases from zero 
at the forward 8ta3nation point to 0.5c (- 1-f-sin 7) at fz-Z- and increases 
again to zero at the rear stagnation point. ' 

As T is the product of a positive quantity with lÄ then it is zero 
at the forward stagnation point, assumes positive values for increasing 

<j>  and decreases to zero at /-^ ,then it is negative for larger values 
of y and becomes zero again at the rear stagnation point. On the lower 
side of the cylinder Y is zero at the forward stagnation point, assumes 
further negative values until / = - x *where it is zero again, then becomes 
positive and decreases to zero at the rear stagnation point. 

Thus the solution (Pig.2) 
of the differential equation 
must start from (0,0), 
proceed through positive 
values of X and Y to 
(0.5c(l + sin 7),0) and return 
through negative values of Y 

o.ic('l*tuyJ o.Vzdt^y) to  (0,0). The solution for 
the lower part of the 
cylinder starts from (0,0), 

ig*2 proceeds through negative 
values of X and Y to (0.5c(sin 7 - l),0) and returns through positive 
values of Y to (0,0). 

The question is whether for a given 7 there is a solution satisfying 
these conditions for every given value of c or only for certain values 
of c or for none. 

One should expect a solution for only one value of c because a 
circulation in the flow should be produced uniquely by a certain spin of 
the cylinder. 

To find an answer to the question the singularities of the differential 
equation have to be investigated. 

11 
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Y*  becomes infinite on five atra■!»»,+ n«— .. 
in the denominator of (is)? (Pigjj g    y the factors 

o.ft^i -i) 

Pig.3 

Suppose 0.5c(l+ sin r)> 1.    The 
solution starting from (0,0) has 
to cross the line Y- 1.2(X - 1) 
between X = 1 and X= 0.5c(l+8in r) 
and proceed then to (0.5c(l+ sin r),o). 

by substituting in the numerator Y» 1.2^ - J)!    ?t t^n^Tor^s "^ 

(X - !)[( - 1.93556X2 - 0.^584X+2.4192)(2X2 - 1.5x0 8in 7 _ o.25c2co82r) + 

+ X(3.87072X - 5.32224)(X2 - X c sin 7 - 0.25c2
Cos2r)J. 

The expression in the square brackets is equal to 

- 1.45152(1 - c sin 7 - 0.25 c2co82
r) 

for X-l.    The expression is positive, as according to the assumption 

1 - 0,5c sin 7 < 0,5c 

and the expression in question can be written 

- l.V3152[(l _ 0.5c sin 7)
2 - (0.5c)2J. 

For X= 0.5c(i+ sin 7) the expression becomes 

0.25c (14-sin 7)(2.U92 - 0.48384X - 1.93536X2) 

and this  is negative for X> 1, 

Y- n Sn x*11! "T^*01" ^ (12) i8 "ro somewhere between X= 1 and 
X=0.5c(l+ sin 7).    The point,  let us call it P.  on the liL Y-i  o/v      -.% 
where the numerator is zero is a saddle point fPi*V?    Ü« / Z*!^ " 1) 

T«  is positive to the right of P aboS t£ iLe a^ to t^le~ I^ 
the line,  it is negative to the left of P aSe Se iLe^ ^ ^OW.  . 
below the line.    There are two integral CU^VM whSh ™^        ^v.right 

P.    Only one of them can possibly bf the s^ISion S E£ T^?*6* *Je Point 

passes through the point ? from ?he leS ^^l^tHhe^ig^I^11 

the line.      This curve has to pass through (0,0) to be a solution      ThTsTs 

12 
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generally not the case. For 7-  jt/2 
the computation showed that it did not 
pass through (0,0) for values of c 
slightly exceeding one (1.05 and 1.1). 
That suggests that there is no solution 
for 7= it/2  and c different from one. It 
has not yet been investigated whether 

o.rc(n-i^i') there exist values of y  and c with 
, 0.5c(H-sin 7)^1 for which an integral 

"ß*^ curve through the singular point P reaches 
the origin. If such values do not exist then the conclusion is that 

2 
~ 1 + sin 7 

It may be mentioned that in the case 0.5c(l+-sin7)>l there are two more 
singular points on the line Y= 1.2(x - 1). One is a spiral point at X= 1 
and the other a saddle point between X= 0 and X =1. 

For 71*/2,  c = lan integral curve was competed numerically, A 
saddle point is in this case at (0.5, - 0.6) and the curve passing through 
this point passed through (0,0) and (l,0). The solution is shown in Fig.5. 

From the found solution the boundary layer profiles were conrouted and 
are shown in Fig, 6. 

In Fig. 7 the values of the form parameter K are plotted against the 

angle f  and in Fig. 8 the shearing stress t times   OE  aaainst ■>". 

As ) 

t=/A-t 
then from (9),(l0) and (lla) with Re = Ss^S follows 

This is a dimensionless quantity. 

Numerical integration gives 

frtjL 

iff  ^  Uv>      J I 

13 
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and thus the shearing stress on the surface of the cylinder is 

J^radif-.-QlJUfVZKt 

and the power P necessary to rotate the cylinder so that U = 4u is 
o   »o 0 

P =4-5~.2 CLC^ UL A - x 

11. The computation suggests that there exist integral curves for 
l^i1?*1* V''1  0nly- ^^ *V"*ion  gives the coStSH^n 
the spin of the cylinder and the circulation, but it will be valid for 
the upper side of the cylinder only giving the stagnation poinJs LI 
therewith the region of attached flow on ?he upper Sde ofP?hecySnder 
in dependence on the velocity of rotation of the cylinder.    cylinder 

What happens on the lower side of the cylinder? 

If U = 0 then there is separation on the upper as well as on th*. i««ov. 
side0of the cylinder between 80« and 908 frL the s?a^ion ITlnl 
If Uo has a positive value the point of separation on toe upp£ sJde will 

noiTn^ It?^ ^V^  f0rWard ^^^on  point and the station 
point on the lower side will be nearer to the forward stagnation point 

a^ir^f16 Ca8e V °' becau8e on the lower Bid« the waU leZvl^ln a direction opposite to the flow. ^»XII« in 

Thus there will be a wake on the lower side, the limits of whioh 
are a point between f - ^and r-f and the rear stagLti^oLt f ^Y. 

This has to be taken into account in solving (12) for neeativ*. 
values of X. The solution is limited by the line T.1.2(x - 1). As 

long as |Y|< 1.2|X - l| a family of'integral 
curves exist which pass through (0,0) and 
0.5c(sin 7 - 1). But for larger values of 

-X lYl there are curves starting from (O.O) 
which cross the line Y= 1.2(X - 1) and remain 
on the lower side of it (Fig.9). These do 
not reach the point 0.5c(sln 7 - 1) and 
correspond to a separated flow. To calculate 
such a flow the pressure distribution from 
the forward stagnation point to the point of 
separation must be known. Of course one can 
get an approximate solution taking on the 
lower side of the cylinder as well«,^^^,; 

a« if the flow was attached. 

0-fcf-viv« 

Fig. 9 

For the calculation of the Magnus force the pressure in the wake 
must be known. 

Ik 
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FIG. 5      SOLUTION   IN  THE  CASE OF ONE   STAGNAT ION POINT 
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Rochester  4,  New York 

Attn:  Dr.  H.  Trotter,  Jr. 
VIA: NIO 

University of Michigan 
Engineering Research Institute 
Ypsilanti,   Michigan 

Attn:  J.W.  Carr,   III 

Willow Run Research Center 
Willow Run Airport 
University of Michigan 
Ypsilanti,   Michigan 

Attn:  L.R.   Biasell 
VIA:  InsMat 

University of Minnesota 
Rosemount,   Minnesota 

Attn:  J.   Leonard Frame 
VIA: Ass't InsMat 

Dept. of Aero.  Engr. 
The Ohio State University 
Columbus, Ohio 

Attn: G.L.  Von Eschen 
VIA: Ass't InsMat 

Polytechnic   Institute of  Brooklyr 
99  Livingston Street 
Brooklyn 2,  New York 

Attn: Dr.  Antonio Ferri 
VIA: ONR 

University  of Wisconsin 
Naval  Research   Laboratory 
422 Farm Place 
Madison. 6,   Wisconsin 

VIA:  InsMat 

Princeton University 
Forrestal Research Center   Library 
Project Squid 
Princeton,  New  Jersey 

Attn:  M.   H.  Smith 

Armour Research Foundation 
35  West 33rd Street 
Chicago  16,   Illinois 

Attn: Engr.  Mech.  Div. 

Applied Physics   Laboratory 
The   Johns Hopkins University 
8621 Georgia Avenue 
Silver Spring,  Maryland 

Attn: Arthur G. Norris 
VIA: NIO 

General Electric Company 
Bldg.  #1, Campbell Avenue Plant 
Schenectady,  New York 

Attn:   Joseph C.  Hoffman 
VIA:   InsMach. 

The Rand Corporation 
1500 Fourth Street 
Santa Monica,  California 

Attn:   Librarian 
VIA:   InsMat 

Douglas Airc raft Company,  Inc. 
3000 Ocean Park Boulevard 
Santa Monica,  California 

Attn:  E.F.   Burton 
VIA:  BuAe ro Rep. 

North American Aviation,  Inc. 
12214 Lakewood Boulevard 
Downey,  California 

Attn:  Aerophysics   Library 
VIA:   BuAero Rep. 

National Advisory Committee for Aero 
1724 F  Street Northwest 
Washington 25, D. C. 

Attn:  E.B.   Jackson 

Ames Aeronautical  Laboratory 
Moffett Field,  California 

Attn:  Dr.  A. C.  Charter 

Langley Aeronautical  Laboratory 
Langley Field, Virginia 

Attn:   Theoretical Aerodynamics Div, 
Attn: Dr. A.  Busemann 
Attn:   J. Stack 

NACA Lewis Flight Propulsion Lab. 
Cleveland Hopkins  Airport 
Cleveland,   11, Ohio 

Attn:  Dr.   John C.   Evvard 

Harvard University 
21 Vanserg  Building 
Cambridge   38,  Massachusetts 

Attn: Prof. G. Birkhoff 

Johns Hopkins University 
Charles  and  34th Streets 
Baltimore   18,  Maryland 

Attn: Dr.  F. H. Clauser 
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New York University 
45 Fourth Avenue 
New York 3, New York 

1 Attn: Dr. R. Courant 

California Institute of Technology 
Pasadena 4, California 

1 Attn: Dr. Hans W.  Liepmann 

University of Toronto 
Institute of Aerophysics 
Toronto  5, Ontario 

1 Attn:  Dr. G.N.  Patterson 
VIA:   BuOrd (Ad8) 

Hughes Aircraft Company 
Missile Aerodynamics Department 
Culver City. California 

1 Attn: Dr. Allen E.  Puckett 

Institute for Advanced Study 
Professor  John von Neumann 

1 Princeton, New  Jersey 

University of Michigan 
Willow Run Research Center 

1 Ypsilanti,   Michigan 

I 

I 

INTERNATIONAL   BUSINESS    MACHINES   CORPORATION 
ENDICOTT,     NEW   YORK 

ATTN.        MR.     M.G.JOHNSON,     LIBRARIAN 

DIGITAL   COMPUTER    LABORATORY 

UNIVERSITY   OF    ILLINOIS 

CHAMPAIGNE,     ILLINOIS 

ATTN.        PROFESSORJ     P.NASH 

U.  S.     NAVAL   PROVING   GROUND 

DAHLGREN,     VIRGINIA 

ATTN.        RALPJA.     NIEMANN 
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Office of Naval Research 
Branch Office, Navy  100 
Fleet Post Office 

8 New York,  New York 

Commanding General 
Aberdeen Proving Ground 
Aberdeen,   Maryland 

1 Attn: C.L.   Poor 
1 Attn: Dr.  B.L.  Hicks 

WEST1NGHOUSE    ELECTRIC   CORPORATION 

PITTSBURGH   30,     PENNA. 

ATTN.       VIVIAN   STERNBERG .     LIBRARIAN 

CORNELL   UNIVERSITY 

ITHACA,     NEW   YORK 

ATTN.     DR.     N.     ROTT 

National Bureau of Standards 
Washington Z5,  D.  C. 

1 Attn: G.B.  Schubauer 

Ames Aeronautical  Laboratory 
Moffett Field, California 

1 Attn: W.G.  Vincenti 

UNIVERSITY   OF-    MARYLAND 

INST.     OF   FLUID   DYNAMICS 

AND   APPLIED   MATHEMATICS 

COLLEGE   PARK,     MD . 

ATTN,        DR.     S.     PAI 

Brown University 
Providence   12, Rhode Island 

1 Attn: Prof.  Wm.  Prager 
VIA: Ass't InsMat 

University of California 
Observatory 21 
Berkeley 4, California 

1 Attn: Leland E. Cunningham 
VIA:  InsMat 

Cornell University 
Ithaca,  New York 

1 Attn:  W.R.  Sears 
VIA:  ONR 

Indiana University 
Bloomington,  Indiana 

1 Attn:  T.Y.   Thomas 
VIA: Ass't InsMat 

Massachusetts Institute of Technology 
77 Massachusetts Avenue 
Cambridge   39,  Massachusetts 

1 Attn': Prof. Eric  Reissner 
VIA:  InsMat 

Stanford University 
Stanford, California 

1 Attn: R.J.   Langle 
VIA: Ass't InsMat 

Case  Institute of Technology 
Cleveland, Ohio 

Attn:  Prof. G.  Kuerti 
VIA: ONR 


